Measures of Association for Binary Outcomes
Risks, odds, odds ratios, and the logit and expit functions
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Configuring R
Functions from these packages will be used throughout this document:

library(conflicted) # check for conflicting function definitions
# library(printr) # inserts help-file output into markdown output
library(rmarkdown) # Convert R Markdown documents into a variety of formats.
library(pander) # format tables for markdown

library(ggplot2) # graphics

library(ggfortify) # help with graphics

library(dplyr) # manipulate data

library(tibble) # “tibble s extend “data.frame’s
library(magrittr) # %>/, and other additional piping tools
library(haven) # import Stata files

library(knitr) # format R output for markdown

library(tidyr) # Tools to help to create tidy data
library(plotly) # interactive graphics

library(dobson) # datasets from Dobson and Barnett 2018
library(parameters) # format model output tables for markdown
library(haven) # import Stata files

library(latex2exp) # use LaTeX in R code (for figures and tables)
library(fs) # filesystem path manipulations



library(survival) # survival analysis

library(survminer) # survival analysis graphics

library(KMsurv) # datasets from Klein and Moeschberger

library(parameters) # format model output tables for

library(webshot2) # convert interactive content to static for pdf

library(forcats) # functions for categorical variables ("factors")

library(stringr) # functions for dealing with strings

library(lubridate) # functions for dealing with dates and times

library(broom) # Summarizes key information about statistical objects in tidy tibbles
library(broom.helpers) # Provides suite of functions to work with regression model 'broom::tidy()' -

Here are some R settings I use in this document:

rm(list = 1s()) # delete any data that's already loaded into R

conflicts_prefer(dplyr::filter)
ggplot2: :theme_set(
ggplot2: :theme_bw() +

# ggplot2::labs(col = "") +
ggplot2: :theme(
1egend~POSitiOn = "bottom",

text = ggplot2::element_text(size = 12, family = "serif")))

knitr::opts_chunk$set (message = FALSE)
options('digits' = 6)

panderOptions("big.mark", ",")

pander: :panderOptions("table.emphasize.rownames", FALSE)

pander: :panderOptions("table.split.table", Inf)

conflicts_prefer(dplyr::filter) # use the “filter ()"~ function from dplyr() by default
legend_text_size = 9

run_graphs = TRUE

options(digits = 6)
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1 Introduction

This chapter reviews measures of association for binary outcomes: risks, risk differences, risk ratios,
odds, and odds ratios, along with the logit and expit functions that connect probabilities, odds, and
log-odds. These concepts are the vocabulary for regression models of binary outcomes; the logistic
regression chapter? builds on them.

Thttps://dmrocke.ucdavis.edu/
2https://dmrocke.ucdavis.edu/Class/EPI1204-Spring-2021/EPI1204-Spring-2021.html
Shttps://www.bookdown.org/rwnahhas/RMPH /blr.html
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1.1 Risk estimation and prediction

In Epi 203, you have already seen methods for modeling binary outcomes using one covariate that is
also binary (such as exposure/non-exposure). In this section, we review one-covariate analyses, with
a special focus on risk ratios and odds ratios, which are important concepts for interpreting logistic
regression.

Exm

Example 1.1 (Oral Contraceptive Use and Heart Attack).

o Research question: how does oral contraceptive (OC) use affect the risk of myocardial

infarction (MI; a.k.a. heart attack)?

This was a concern when oral contraceptives were first developed, because the original
formulations used much higher doses of estrogen than are used today. Cardiovascular risk from
combined oral contraceptives increases with estrogen dose, and the dose has been reduced
substantially since those early formulations, so modern low-dose formulations carry much
lower risk (Roach et al. 2015).
Table 1 contains simulated data for an imaginary follow-up (a.k.a. prospective) study in which
two groups are identified, one using OCs and another not using OCs, and both groups are
tracked for three years to determine how many in each groups have MIs.

library(dplyr)
oc_mi <-
tribble(
~0C, ~MI, ~Total,
"0C use", 13, 5000,
"No 0OC use", 7, 10000
) >
mutate("No MI™ = Total - MI) |>
relocate("No MI™, .after = MI)

totals <-
oc_mi |>
summarize (across(c(MI, “No MI", Total), sum)) |>
mutate(0C = "Total")

tbl_oc_mi <- bind_rows(oc_mi, totals)

tbl_oc_mi |> pander::pander ()

Table 1: Simulated data from study of oral contraceptive use and heart attack risk

OoC MI No MI Total
OC use 13 4,987 5,000
No OC use 7 9,993 10,000
Total 20 14,980 15,000

Exercise 1.1. Estimate the probabilities of MI for OC users and non-OC users in Example 1.1.

Solution

Solution 1.1. 3
p(MI = —— =0.002
D( |0C) £000 0.0026

7
B(MI|-0C) = ——— =7 x 10~
p(MI|-OC) 10000 7 x 10



Exercise 1.2. What does the term “controls” mean in the context of study design?

Solution

Solution 1.2.
Def
Definition 1.1 (Two meanings of “controls”). Depending on context, “controls”
can mean either:
¢ individuals who don’t experience an exposure of interest,
e or individuals who don’t experience an outcome of interest.

Exercise 1.3. What types of studies do the two definitions of controls correspond to?

Solution

Solution 1.3.
Def
Definition 1.2 (cases and controls in retrospective studies). In retrospective case-
control studies, participants who experience the outcome of interest are called
cases, while participants who don’t experience that outcome are called controls
(Rothman et al. 2021, chap. 8).
Def
Definition 1.3 (treatment groups and control groups in prospective studies). In
prospective studies, the group of participants who experience the treatment or
exposure of interest is called the treatment group, while the participants who
receive the baseline or comparison treatment (for example, clinical trial participants
who receive a placebo or a standard-of-care treatment rather than an experimental
treatment) are called controls (Rothman et al. 2021, chap. 7).

Exm

Example 1.2 (Cases and controls in the OC-MI study). Example 1.1 describes a prospective
(follow-up) study: participants were enrolled based on their exposure status (OC use versus
no OC use) and then followed for three years to observe MI outcomes.

Therefore, Definition 1.3 applies: the 5000 OC users form the treatment (exposed) group, and
the 10,000 OC non-users are the controls.

Definition 1.2 does not apply to this study design, because participants were not selected based
on their outcomes. If we had instead recruited participants by outcome status — enrolling the
20 participants who experienced MlIs, along with a sample of participants who did not — the
study would have been a retrospective case-control study: the 20 participants with MIs would
be the cases, and the sampled MI-free participants would be the controls.

1.2 Comparing probabilities
1.2.1 Risk differences

The simplest comparison of two probabilities, 7, and m,, is the difference of their values:

Definition 1.4 (Risk difference). The risk difference of two probabilities, 7, and 7, is the

difference of their values:
def
6(my,my) = ™ — Ty



Exm

Example 1.3 (Difference in MI risk). Here, we introduce the shorthand notation

m(0C) ¥ pr(MII0C), =(-0C) ¥ Pr(MI|-0C)

for the probability of MI given OC use and given OC non-use, respectively.
In Example 1.1, the maximum likelihood estimate of the difference in MI risk between OC
users and OC non-users is:

3(r(0C), 7(~0C)) = §(7(0C), #(-0C))
= #(0C) — #(=0C)
=0.0026 —7 x 10~*

= 0.0019

Exercise 1.4 (interpreting risk differences). How can we interpret the preceding risk difference
estimate in prose?

Solution (interpreting risk differences)

Solution 1.4 (interpreting risk differences). “The difference in risk of MI between OC users
and non-users was 0.0019.”

or

“The difference in risk of MI between OC users and non-users was 0.19 percentage points®.”

%https://en.wikipedia.org/wiki/Percentage point
See the note about working with percentages in the Appendix®.

1.2.2 Risk ratios

Exercise 1.5. If m; and 7, are two probabilities, what do we call the following ratio?

M
p(my,my) = 7r2

Solution

Solution 1.5.
Def
Definition 1.5 (Relative risk ratios). The ratio of two probabilities m; and 5,
™
p(my,my) = 7?;
is called the:
¢ risk ratio,
e relative risk ratio,
e probability ratio,
» or rate ratio
of m; compared to 7.

Exercise 1.6.
In Solution 1.1, we estimated that:

Snotation.qmd#percent-sign
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B(MI|OC) = 0.0026

p(MI|-0C) =17x 107"

Now, estimate the relative risk of MI for OC versus non-OC.

Solution

Solution 1.6.
The relative risk of MI for OC versus non-OC is:

rr <- (13 / 5000) / (7 / 10000)

B(MI|0C)

B(MI-0C)
0.0026

7x 104

= 3.714286

p(0C,-0C) =

Exercise 1.7. How can we interpret the preceding relative risk estimate in prose?

Solution

Solution 1.7.
We might summarize this result by saying that:
e “The estimated probability of MI among OC users was 3.714286 times as high as the
estimated probability among OC non-users.”
or
e “The estimated probability of MI among OC users was 2.714286 times higher than, the
estimated probability among OC non-users.”
see also Vittinghoff et al. (2012, sec. 8.1.4), which uses similar phrasing.

1.2.3 Relative risk differences
The second approach in Solution 1.7, where we subtract 1 from the risk ratio, is actually reporting a

slightly different metric:

Definition 1.6 (Relative risk difference).
Sometimes, we divide the risk difference by the comparison probability; the result is called the
relative risk difference:

def O(mq, T
5(71'1771'2) = (™ 72)
To

Theorem 1.1 (Relative risk difference equals risk ratio minus 1).

§(my,my) = p(my,mg) — 1



i Proof

Proof.
1)
§(my, my) &f (T, 3)
o
= -
™o
= -
= p(my,my) — 1
]
Exm

Example 1.4 (Relative difference in MI risk). In Example 1.1, the maximum likelihood
estimate of the relative risk difference in MI risk between OC users and OC non-users is:

E(m(0C), m(-0C)) = £(7(0C),7(—~OC))  (invariance property of MLEs)
def 0(7(OC), 7(—0C))

=< (definition of relative risk difference)

7(—0C)
0.0019
T T 104 (substituting the estimates)
— 2714286 (dividing)

The numerator 0.0019 is the risk difference estimate from Example 1.3, and the denominator
7 x 107% is the estimate 7(—OC) from Solution 1.1.
We can check this estimate using Theorem 1.1 and the risk ratio estimate from Solution 1.6:

E(m(0C), m(=0C)) = p(OC,—~0C) —1 (relative risk difference as risk ratio minus 1)
=3.714286 — 1 (substituting the risk ratio estimate)
= 2.714286 (subtracting)

The two calculations agree.

1.2.4 Changing reference groups in risk comparisons

Risk differences, risk ratios, and relative risk differences are defined by two probabilities, plus a
choice of which probability is the baseline or reference probability (i.e., which probability is the

subtrahend of the risk difference or the denominator of the risk ratio).
O(my,my) = —0(my, 7y)
-1
p(my,my) = (p(my,m3))

E(my,m) = (E(my,my) +1) T —1

Exercise 1.8. Prove Equation 1, Equation 2, and Equation 3.

(1)



Solution

Solution 1.8. To prove Equation 1:
0(my, ) & Ty — T (definition of risk difference)
—(my —my) (factoring out — 1)
= —§(my,m) (definition of risk difference)

To prove Equation 2:

T
p(my, ) def 7?2 (definition of risk ratio)
1
N
= (1> (inverse of the inverted fraction)
T2

= (p(m,, 7)) " (definition of risk ratio)

To prove Equation 3, first rearrange Theorem 1.1 to express the risk ratio in terms of the
relative risk difference:

&(my,m9) = p(my,my) — 1 (relative risk difference as risk ratio minus 1)
&(my,mg) + 1 = p(my,my) (adding 1 to both sides)

Then apply Theorem 1.1 to the switched-reference pair (m,, ), substitute Equation 2, and
substitute the rearranged form of Theorem 1.1:

&(mg,mq) = pmg,my) — 1 (relative risk difference as risk ratio minus 1)
= (p(m;,mp)) ' —1 (risk ratio with switched reference group)

= (§(my,mg) + 1)_1 — 1 (substituting p(my,my) = {(my, mp) + 1)

Exm

Example 1.5 (Switching the reference group in a risk difference). In Example 1.3, we
estimated that the risk difference of MI for OC versus non-OC is:

0(0C,-0C) = 0.0019
In comparison, the risk difference for non-OC versus OC is:

5(—=0C,0C) = p(MI|-0C) — p(MI|OC)
=7 x 10~ — 0.0026
— —0.0019
—5(0C,-0C)

as Equation 1 states.

Exm

Example 1.6 (Switching the reference group in a risk ratio). In Solution 1.6, we estimated
that the risk ratio of OC versus non-OC is:

p(OC,—0C) = 3.714286

In comparison, the risk ratio for non-OC versus OC is:



B(MI|-OC
1120000 = Siirioc
7x 1074
~ 70.0026
= 0.269231
B 1
~ p(0C,-00)

as Equation 2 states.

Exm

Example 1.7 (Switching the reference group in a relative risk difference). In Example 1.4,
we estimated that the relative risk difference of MI for OC versus non-OC is:

£(0C, ~0C) = 2.714286

In comparison, the relative risk difference for non-OC versus OC is:

B(MI|-0C) — H(MI|OC)
p(MI0C)

~ —0.0019

~0.0026

= —0.730769

£(-0C,00) =

We can check this value against the switched-reference identity Equation 3:

1 1
1=
£(0C,~0C) + 1 2714286 + 1
= —0.730769

The two calculations agree.

1.3 0Odds and odds ratios
1.3.1 Odds and probabilities

In logistic regression, we will make use of a mathematically-convenient transformation of probability,
called odds:

Definition 1.7 (Odds).
The odds of an event A, is the probability that the event occurs, divided by the probability
that it doesn’t occur. We can represent odds with the Greek letter w (“omega”). ¢ Thus, in
mathematical notation:

def Pr(A)

= 4
Y7 Pr(—A) ()
This course is about regression models, which are conditional probability models (regression models”).
Accordingly, we define conditional odds in terms of conditional probabilities:

Definition 1.8 (Conditional odds).
The conditional odds of an event A given a condition B, is the (conditional) probability that

6The name “omega” is a contraction of “o mega”, which means “long o” in Greek, in contrast with “omicron” (o,
“short 0”). See https://www.etymonline.com/search?q=omega and https://en.wikipedia.org/wiki/Omega for more
details.

"Intro-to-GLMs.qmd#def-regression-model
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event A occurs (given condition B), divided by the (conditional) probability that it doesn’t
occur (given condition B). In mathematical notation:

act Pr(A[B)

When the event A is clear from context, we abbreviate w(A|B) as w(B) or wg (“omega bee”).

Definition 1.9 (Shorthand for MI risk under OC use). Let w(OC') denote the probability of
MI given OC use:

m(0C) ¥ Pr(MI|OC)

Exm

Example 1.8 (Computing odds from probabilities). In Exercise 1.1, we estimated that
m(0C) = 0.0026 (Definition 1.9). If this estimate is correct, then the odds of MI, given OC
use, is:

aef Pr(MI|OC

w(0C) = Pr((ﬁMI||Ocz)

_ Pr(MI|0C)

- 1—Pr(MIOC)
w(0C)

1—-m(0C)

~0.0026

~ 1-0.0026

~ 0.002607

Exercise 1.9 (Computing odds from probabilities). Estimate the odds of MI, for non-OC
users.

Solution

Solution 1.9.
w(=0C) = 7.004903 x 104

Exercise 1.10. Find a general formula for converting probabilities into odds.

Solution

Solution 1.10. Using Definition 1.7 and the complementary probability®:
w def Pr(A)

“probability.qmd#cor-p-neg

Theorem 1.2 (Odds as a function of probability). If 7 is the probability of an event A and w
is the corresponding odds of A, then:

10
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i Proof

Proof. By Solution 1.10. O

The mathematical relationship between odds w and probabilities 7, which is represented in Equation 6,
is a core component of logistic regression models, as we will see in the rest of this chapter. Let’s

give the expression on the righthand side of Equation 6 its own name and symbol, so that we can
refer to it concisely:

Definition 1.10 (Odds function). The odds function is defined as:

odds{r} % T (7)

1—m

We can use the odds function (Definition 1.10) to simplify Equation 6 (in Theorem 1.2) into a more
concise expression, which is easier to remember and manipulate:

Corollary 1.1 (Odds via the odds function). If 7 is the probability of an outcome A and w is
the corresponding odds of A, then:

w = odds{7} (8)
In other words, the odds function rescales probabilities into odds.
i Proof

Proof. By Theorem 1.2 and Definition 1.10. O

Exercise 1.11. Graph the odds function.

Solution

Solution 1.11.
Figure 1 graphs the odds function.

11



odds <- function(pi) pi / (1 - pi)
library(ggplot2)
ggplot () +
geom_function(
fun = odds,

arrow = arrow(ends = "last"),
mapping = aes(col = "odds function")
)+

x1im(0, .99) +
xlab("Probability") +
ylab("0dds") +
geom_abline (aes(
intercept = 0,
slope = 1,
col = "y=x"
)) +
theme_bw() +
labs(colour = "") +
theme (legend.position = "bottom")

100 - [\
75
[%2]
8 501
o
25
0
T T T T T
0.00 0.25 0.50 0.75 1.00
Probability

EE> odds function /// y=x

Figure 1: Odds versus probability

Theorem 1.3 (One-sample MLE for odds). Let X,...X,, be a set of n iid Bernoulli trials,
and let X = 37" | X; be their sum.

Then the mazimum likelihood estimate of the common per-trial success odds w (that is, the
odds of X, =1) is:

&
Il

n—x

12



i Proof

Proof.
1—%:1—%
noox
“non
n—x

Thus, the estimated odds is:

1—7 (n—x) (9)

That is, the odds estimate can be computed directly as “# events” divided by “# nonevents”,
without needing to compute 7 and 1 — 7 first.
O

Exm
Example 1.9 (Calculating odds using the shortcut). In Example 1.8, we calculated
w(0C) = 0.002607

Let’s recalculate this result using our shortcut.

Solution

Solution 1.12. 13
w(OC) = 2500 — 13
— 0.002607

Same answer as in Example 1.8!

Theorem 1.4 (Simplified expressions for odds function).
Two equivalent expressions for the odds function are:

odds{r}

Exercise 1.12. Prove Theorem 1.4.

Solution

Solution 1.13. Starting from Definition 1.10:

13



Corollary 1.2 (Odds of a non-event). If m is the probability of event A and w is the
corresponding odds of A, then the odds of —=A are:

W(—A) = 1—m

=7r1-1

i Proof

Proof. Using Definition 1.7 (applied to the event —=A) and the complement rule®:

of Pr(—A
w(—A) ef Prz(—mfi) (definition of odds, applied to —A)
Pr(—A
= ljr((A)) (double negation: ——A = A)
1—
= Pr(f;r) (complement rule: Pr(—A)=1—m)
1—
= T (Pr(A) = m by hypothesis)
™
1
S (split the fraction)
T T
1
=——1 (cancel: m/m=1)
™
=r1-1 (rewrite the reciprocal as a — 1 power)

“probability.qmd#cor-p-neg

Odds of rare events

Exercise 1.13. What odds value corresponds to the probability m = 0.2, and what is the
numerical difference between these two values?

Solution

Solution 1.14. The odds value corresponding to m = 0.2 is:

T 2
= =—=.25
1—n .8

The numerical difference between the odds and the probability is:

w

14
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w—m=.25—.2=.05

Exercise 1.14. Find the difference between an odds w and its corresponding probability m,

as a function of 7.

Solution

Solution 1.15.

Theorem 1.5 (Difference between odds and probability).

i Proof

Proof. By Solution 77.

T
1—7
™ w(l—m)
-7  1—7
2

s ™ =T

1—m 1—m
m— (7 —7?)
1—m
ey
1—m

2

1—m
T

1—7r7T

= Wm

Let w= 1. Then:

O

For rare events (small 7), odds and probabilities are nearly equal (see Figure 1), because 1 — 7 &~ 1

and 72 ~ 0.

For example, in Example 1.8, the probability and odds differ by 6.777622 x 1076,

1.3.2 The inverse odds function

Exercise 1.15. If 7 is the probability of an event A and w is the corresponding odds of A,

how can we compute 7 from w?
For example, if w = 3/2, what is 77

Solution

Solution 1.16. Starting from Theorem 1.2, we can solve Equation 6 for 7 in terms of w:

15



1—m
(1—mw

W—TwWw =T

I
3

T+ Tw

w=(1+w)m

€
|

1+w
So if w = 3/2,

Theorem 1.6 (Probability as a function of odds). If 7 is the probability of an event and w is
the corresponding odds of that event, then:

= (11)
i Proof
Proof. By Theorem 1.2 and Solution 1.16. O
Definition 1.11 (inverse odds function).
invodds{w} et H—Lw (12)

can be called the inverse-odds function.

Corollary 1.3 (Probability via the inverse-odds function).

7 = invodds{w}

i Proof

Proof. By Definition 1.11 and Theorem 1.6. O

Corollary 1.4 (Inverse-odds function inverts the odds function).

invodds{w} = odds™{w}

i Proof

Proof. Using Corollary 1.1 and Theorem 1.6:

16



invodds{odds{7}} = invodds{w}
w

T 14w
=T

Likewise (not shown):

odds{invodds{w}} = w
O

The inverse-odds function converts odds into their corresponding probabilities (Figure 2). Its domain
of inputs is w € [0, 00) and its range of outputs is 7 € [0, 1].

I haven’t seen anyone give the inverse-odds function a concise name; maybe prob() or prob() or
risk()?

odds_inv <- function(omega) (1 + omega™-1)7-1
library(ggplot2)
ggplot () +
geom_function(fun = odds_inv, aes(col = "inverse-odds")) +
xlab("0dds") +
ylab("Probability") +

x1im(0, 5) +
ylim(0, 1) +
geom_abline(aes(intercept = 0, slope = 1, col = "x=y"))
1.004
0.754
>
%
8 0.501
o
o
0.25+
0.004
0 1 2 3 4 5
Odds
colour — inverse—odds/ X=y

Figure 2: The inverse odds function, invodds{w}

Exercise 1.16. What probability corresponds to an odds of w = 1, and what is the numerical
difference between these two values?

17



Solution

Solution.

7w = invodds{1}
- 1
141
_ 1
2
=5

w—m=1—.5

Lemma 1.1 (Simplified expression for inverse odds function).
FEquivalent expressions for the inverse odds function are:

1
1+wt
=(1+whHt

invodds{w} =

Exercise 1.17. Prove that Equation 13 is equivalent to Definition 1.11.

Solution

Solution 1.17. Analogous to Solution 1.13.

Lemma 1.2 (One minus inverse-odds).

l—-m=——
1+w

i Proof

Proof. By Theorem 1.6:

14w
1+w w
m_1+w
(14w —w
14+w
l+w—w
1+w

1+w

Corollary 1.5 (One plus odds in terms of non-event probability).

l+w=

1—m

18



1.3.3 0Odds ratios

Now that we have defined odds, we can introduce another way of comparing event probabilities:
odds ratios.

Definition 1.12 (Odds ratio). The odds ratio for two conditional odds, w; and ws, is the
ratio of those odds:

def W1
O(wy,wy) = —
) w2

There’s a 1:1 mapping between probability and odds, and according to that mapping, the odds are
equal between two covariate patterns IF and ONLY IF the probabilities are also equal between those
patterns.

An odds ratio is a ratio of odds. An odds is a ratio of probabilities, so odds ratios are ratios of ratios:

Theorem 1.7 (Odds ratio as a ratio of ratios).

w
0 =21
("Jl ) WQ) W
(&%)
(%)
i Proof
Proof.
B(wy,wy) L (@def-OR)
Wy
= (1;;1) (@thm-prob-to-odds, applied to each odds)
( 1—my )
O
Exm

Example 1.10 (The OC-MI odds ratio as a ratio of ratios). Using the MI risk estimates
from Solution 1.1, 7(OC') = 13/5000 and 7(—OC') = 7/10000, Theorem 1.7 expresses the odds
ratio as a ratio of the two odds, each of which is itself a ratio of probabilities:

0(w(0C), w(-0C)) & % (@def-OR)
( 7(OC) )
= 2=mlo0) ] (@thm-prob-to-odds, applied to each odds)

(Z555)

= ( 7/10000 >
1-7/10000

~0.002607
~ 7.004903 x 104
= 3.721361 (dividing)

(substituting the risk estimates)

(computing each odds)
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Exm

Example 1.11 (Calculating odds ratios). In Example 1.1, the odds ratio for OC users versus
OC-non-users is:

0(w(OC), w(~0C)) = m
~0.0026
- T x 104

= 3.714286

A shortcut for calculating odds ratio estimates

The general form of a two-by-two table is shown in Table 2.

Table 2: A generic 2x2 table

Event Non-Event Total

Exposed a b a+b
Non-exposed ¢ d c+d
Total a+tc b+d a-+b-+c+d

From this table, we have:
o 7(Event|Exposed) = a/(a+b)
o 7(—Event|Exposed) =b/(a+b)

o W(Event|Exposed) = 4> = ¢

o W(Bvent|~Exposed) = 5 (see Exercise 1.18)
e 0,(Exposed, ~Exposed) = L= %g

Exercise 1.18. Given Table 2, show that w(FEvent|-Exposed) = §.

Properties of odds ratios

Odds ratios have a special property: we can swap a covariate with the outcome, and the odds ratio
remains the same.

Theorem 1.8 (Odds ratios are reversible). For any two events A, B:
0.,(A|B) = 0,,(B|A)
i Proof

Proof. Using Definition 1.12, Definition 1.8, the law of conditional probability®, and the
definition of conditional probability®:
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aef w(A|B)

0,(A|B) = (definition of odds ratio)
w(A[=B)
(4
_ \p(mAlB) /- eps s
= ( oA-5) ) (definition of conditional odds)
p(~A[-B)
p(A|B) )(pAhB) . e .
= division is multiplication by the reciprocal
(p( —A|B) ) \ p(=A|-B) ( P v prical)
p(A|B ) (p(—'A|ﬂB ) . . o
= the reciprocal of a fraction flips it
(o) oot (the recip pe 1
p(A[B (B))( p(—A|-B) p(ﬁB)> .
= (multiply each factor by 1)
(p(ﬁAIB) p(B)/) \ p(4]-B) p(-B)
p(4, B))(p(ﬁ )) . B
= law of conditional probability, in each of the four terms
(i) s ( probability :
p(BA><p(ﬁBﬁA) - - :
= oint probabilities are symmetric in their arguments
() 5 (ot p Y guments)
p(B, A) ) (pb >) . |
= swap the two highlighted denominators
(pbB,A) p(B, ~4) (owap o :
p(B,A)/p(A) )(p(ﬂB, ﬁA)/p(ﬁA)> -
= divide the top and bottom of each factor by the same quant
(e arva) Gmoteca)
p(B|A) )(p(ﬁBﬁA)) . . e
= definition of conditional probability, in each of the four tern
(o) s ( Y
p(B|A) )( p(B|-4) ) . o . .
= a flipped fraction is the reciprocal of the original
(o) (o ( sinal)
< p(BVL) )
= % (multiplication by the reciprocal is division)
(p(ﬁB\ﬁA))
w(B|A) . -
= —— (definition of conditional odds)
w(B[-A)
dfy 6,(BJA) (definition of odds ratio)

probability.qmd#thm-law-conditional-prob
bprobability.qmd#def-conditional-prob

Exm

Example 1.12 (Reversibility of the OC-MI odds ratio). Theorem 1.8 says 6,,(MI|OC) =
0,,(OC|MT): we can swap the roles of the outcome (MI) and the covariate (OC use) without
changing the odds ratio. We can confirm this equality numerically using the counts from
Example 1.1.

The disease odds ratio (the odds of MI, comparing OC users to non-users) is:

dei A(MI|OC)

(MI|OC) SMT-00) (@Qdef-OR, applied to the estimated odds)
13/4987 . ;
== 79993 (@Qthm-est-odds: estimated odds = events/non-events; counts from @exm-oc-mi)
.002
= % (dividing within each OC-use group)
= 3.721361 (dividing)

21


probability.qmd#thm-law-conditional-prob
probability.qmd#def-conditional-prob

The exposure odds ratio (the odds of OC use, comparing MI cases to non-cases) is:

def (:}(OC|MI)

QL(OC|MI) = 2(0C-MT) (Qdef-OR, applied to the estimated odds)
1
= _18/7 (@thm-est-odds: estimated odds = events/non-events; counts from @exm-oc-mi)
4987/9993
1.857143
= 0.499019 (dividing within each MI-status group)
= 3.721361 (dividing)

Both equal 3.721361, confirming Theorem 1.8.

Exercise 1.19. For Table 2, show that GL(Exposed, Unexposed) = GL(Event, —FEvent).
Conditional odds ratios have the same reversibility property:

Theorem 1.9 (Conditional odds ratios are reversible). For any three events A, B, C':

0,(AlB,C) = 0,(B|A,C)

i Proof

Proof. Apply the same steps as for Theorem 1.8, inserting C' into the conditions (RHS of |) of
every expression. O

Exm

Example 1.13 (Reversibility within age strata in the WCGS data). Theorem 1.9 says a
conditional odds ratio is also reversible: 6 (A|B,C) = 6_(B|A,C). We can illustrate this
equality using data from the Western Collaborative Group Study (wcgs) (Rosenman et al.
1975), a prospective cohort study of coronary heart disease (CHD) in 3,154 men aged 39-59,
which classified each participant’s behavioral pattern as Type A (urgent, competitive) or Type
B (relaxed). For this example, we take the covariate B to be behavioral pattern (Type A
versus Type B), the outcome A to be CHD by 1969, and the conditioning event C' to be an
age stratum.

Among participants under 50, the disease odds ratio (the odds of CHD, comparing Type A to
Type B) is 2.212757, and the exposure odds ratio (the odds of Type A, comparing CHD cases
to non-cases) is 2.212757; the two agree, as Theorem 1.9 requires.

Among participants aged 50 or older, the disease and exposure odds ratios are 2.30791 and
2.30791, which likewise agree.

Odds Ratios vs Probability (Risk) Ratios

When the outcome is rare (i.e., its probability is small) for both groups being compared in an odds
ratio, the odds of the outcome will be similar to the probability of the outcome, and thus the risk
ratio will be similar to the odds ratio.

Case 1: rare events

For rare events, odds ratios and probability (a.k.a. risk, a.k.a. prevalence) ratios will be close:

m = .01
my = .02
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pil <- .01

pi2 <- .02
pi2 / pil
#> [1] 2

odds(pi2) / odds(pil)
#> [1] 2.02041

Exm

Example 1.14. In Example 1.1, the outcome is rare for both OC and non-OC participants,
so the odds for both groups are similar to the corresponding probabilities, and the odds ratio
is similar the risk ratio.

Case 2: frequent events

Ty = .9

For more frequently-occurring outcomes, this won’t be the case:
pil <- .4

pi2 <- .5

pi2 / pil

#> [1] 1.25

odds(pi2) / odds(pil)

# [1] 1.5

The relationship between the two spot-checks is captured by a simple algebraic identity:

Theorem 1.10 (Odds ratio as risk ratio times a correction factor). For two probabilities m,
and T4, the odds ratio equals the risk ratio times a correction factor:

1—m
O(wy,wa) = p(my,m3) - 1—7r2 (14)
1
When 7, and m, are both small, the correction factor }:Zi is close to 1, so the odds ratio is
close to the risk ratio.
i Proof
Proof.
O(w,, w,) 2 L (@def-OR)
Wy
(%)
= 7r21 (@thm-prob-to-odds, applied to each odds)
( 1-my )
™ 1—my

=—=.—= (rearranging the compound fraction)
Ty 1—m

1—m
= p(my, my) - . 7rj (Qdef-RR)
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Exm

Example 1.15 (The correction factor in the two spot-checks). Theorem 1.10 explains the
two spot-checks preceding it.

In Case 1 (rare events), take m; = 0.02 and m, = 0.01. The correction factor
is close to 1, so the odds ratio (2.020408) is close to the risk ratio (2).

In Case 2 (frequent events), take m; = 0.5 and 7, = 0.4. The correction factor 1:::1’ =121s
farther from 1, so the odds ratio (1.5) and risk ratio (1.25) diverge.

T2 = 1.010204
1

Figure 3 compares risk differences, risk ratios, and odds ratios as functions of the underlying
probabilities being compared.

24



if (run_graphs) {
RD <- function(pl, p2) p2 - pi
RR <- function(pl, p2) p2 / pi
odds <- function(p) p / (1 - p)
OR <- function(pl, p2) odds(p2) / odds(pl)
OR_minus_RR <- function(pl, p2) OR(p2, pl) - RR(p2, pl)

n_ticks <- 201

probs <- seq(.001, .99, length.out = n_ticks)
RD_mat <- outer(probs, probs, RD)

RR_mat <- outer(probs, probs, RR)

OR_mat <- outer(probs, probs, OR)

opacity <- .3
z_min <- -1
z_max <- 5
plotly::plot_ly(

X = ~probs,
y = ~probs
) 1>
plotly::add_surface(
z = ~ t(RD_mat),
contours = list(
z = list(
show = TRUE,
start = -1,
end = 1,
size = .1
)
)
name = "Risk Difference",

showscale = FALSE,
opacity = opacity,
colorscale = list(c(0, 1), c("green", "green"))
) >
plotly::add_surface(
opacity = opacity,
colorscale = list(c(0, 1), c("red", "red")),
z = ~ t(RR_mat),
contours = list(
z = list(
show = TRUE,
start = z_min,
end = z_max,

size = .2
)
D
showscale = FALSE,
name = "Risk Ratio"
) 1>

plotly: :add_surface(
opacity = opacity,
colorscale = 1list(c(0, 1), c("blue", "blue")),
z = ~ t(OR_mat),
contours = list(
z = list(
show = TRUE,
start = z_min,
end = z_max,
size = .2
) 25
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Testing whether an odds ratio = 1 is equivalent to testing whether the corresponding risk ratio = 1,
and also equivalent to testing whether the risk difference = 0. Therefore, in hypothesis testing, if
the null hypothesis is no effect, then we can shift between RD, RR, and OR. But when we’re talking
about point estimates and Cls, we need to limit our conclusions to the effect measure(s) that we
actually estimated, because the sizes of RDs, RRs, and ORs don’t have a simple relationship to
each other, except when m; = 7, (as shown by Figure 3).

Odds Ratios in Case-Control Studies

Table 1 simulates a follow-up study in which two populations were followed and the number of MI’s
was observed. The risks are P(MI|OC) and P(MI|-OC) and we can estimate these risks from the
data.

But suppose we had a case-control study in which we had 100 women with MI and selected a
comparison group of 100 women without MI (matched as groups on age, etc.). Then MI is not
random, and we cannot compute P(MI|OC) and we cannot compute the risk ratio. However, the
odds ratio can be computed.

Definition 1.13 (Disease odds ratio). For a disease D and an exposure F, the disease
odds ratio is the odds of disease in the exposed group divided by the odds of disease in the
unexposed group:

def W(D|E)

AP LorE)

In a case-control study, disease status is not random, so we cannot validly compute or use the
separate parts w(D|E) and w(D|—F) of the disease odds ratio.

Definition 1.14 (Exposure odds ratio). For a disease D and an exposure E, the exposure
odds ratio is the odds of exposure in the diseased group divided by the odds of exposure in
the non-diseased group:

det w(E|D)

We can still validly compute and use the exposure odds ratio, because exposure can be treated as
random.

Exm

Example 1.16 (Exposure odds ratio in the OC-MI study). For the OC-MI study, the
estimated exposure odds ratio is:

&(OC|MI)

And these two odds ratios, GL(M I10C) and HL(OC |MT), are mathematically equivalent, as
we saw in Section 1.3.3:

0,(MI|OC) = 6,,(0C|MI)

Exercise 1.20. Calculate the odds ratio of MI with respect to OC use, assuming that Table 1
comes from a case-control study. Confirm that the result is the same as in Example 1.11.
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Solution

Solution.

tbl_oc_mi |> pander::pander ()

Table 3: Simulated data from study of oral contraceptive use and heart attack risk

(016 MI No MI Total
OC use 13 4,987 5,000
No OC use 7 9,993 10,000
Total 20 14,980 15,000
« w(OC|MI) = P(OC|MI)/(1—P(OC|MI)) =1 =1.857143
« w(OC|-MI)= P(OC|=MI)/(1 — P(OC|-MI)) = 535 = 0.499049
0,(0C|MI) = 2OCMD 13/ __ _ 3791361
* Y ~ W(OC|-MT) — 4987/9993 — °*

This odds-ratio estimate is the same one we calculated in Example 1.11.

Odds Ratios in Cross-Sectional Studies

o If a cross-sectional study is a uniform probability sample of a population (which it rarely
is), then we can estimate prevalence (sometimes called “prevalence risk” or just “risk”) using
standard methods (Lee 1994), and we can thus also estimate prevalence differences, prevalence
ratios, and prevalence odds ratios comparing sub-populations.

o If the cross-sectional study is a stratified probability sample, then we can estimate prevalence,
prevalence differences, prevalence ratios, and prevalence odds ratios using specialized methods
for complex surveys (Lumley 2010).

o If the study has sampling biases that we cannot adjust for with survey weights, such as in a
convenience sample, then we need to treat it in the same way as a case-control study, and we
cannot validly estimate prevalence, prevalence differences, or prevalence ratios; we can only
validly estimate prevalence odds ratios.

1.4 The logit and expit functions
1.4.1 The logit function

Definition 1.15 (log-odds).
If w is the odds of an event A, then the log-odds of A, which we will represent by n (“eta”),
is the natural logarithm of the odds of A:

n = log{w} (15)

Theorem 1.11 (Log-odds as a function of probability). If 7 is the probability of an event A,
w is the corresponding odds of A, and n is the corresponding log-odds of A, then:

n=10g{ T } (16)

1—nm

i Proof

Proof. Using Definition 1.15 and Theorem 1.2:

27



7 Lef log{w} (definition of log-odds)
= 1og{1L} (odds as a function of probability)
-

Definition 1.16 (logit function).
The logit function of a probability 7 is the natural logarithm of the odds function of :

logit () et log{odds{n}}

The logit function is a composite function®.

%https://en.wikipedia.org/wiki/Function_composition

Exercise 1.21 (Compose the logit function). Mathematically expand the definition of the
logit function.

Solution (Compose the logit function)

Solution 1.18 (Compose the logit function).
Lem
Theorem 1.12 (Expanded expression for logit).

logit () = 1og{ T } (17)

1—m
Proof
Proof. Using Definition 1.16 and Definition 1.10:

logit () Lf log{odds{n}} (definition of logit)
= log{ T } (definition of the odds function)

1—m

Corollary 1.6 (Log-odds via the logit function). If 7 is the probability of an event A and
is the corresponding log-odds of A, then:

n = logit{n}

i Proof
Proof. Using Theorem 1.11 and Theorem 1.12:

n= log{lL} (log-odds as a function of probability)
-7

= logit{m} (expanded expression for logit, read right-to-left)

Exm

Example 1.17 (Log-odds of an event with probability 0.75). Suppose the probability of an

event A is m = 0.75. Then, by Theorem 1.2, the corresponding odds of A are w = 19'07_‘25 =
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8:—;;’ = 3, and by Corollary 1.6 and Theorem 1.12, the corresponding log-odds of A are:
n = logit{0.75} = log{%} (expanded expression for logit)
= log{g:—zg} (subtract: 1 —0.75 = 0.25)
= log{3} (divide: 0.75/0.25 = 3)
~ 1.0986 (evaluate the natural logarithm)

Figure 4 shows the shape of the logit() function.
odds <- function(pi) pi / (1 - pi)
logit <- function(p) log(odds(p))

library(ggplot2)
logit_plot <-
ggplot () +
geom_function(
fun = logit,
arrow = arrow(ends = "both")
) +
x1im(.001, .999) +
ylab("logit(p)") +
xlab("p") +
theme_bw ()
print(logit_plot)

logit(p)

Figure 4: The logit function
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1.4.2 The expit function

Lemma 1.3 (Odds from log-odds).
If w is the odds of an event A and n is the corresponding log-odds of A, then:

w = exp{n}

i Proof

Proof. Starting from Definition 1.15, we solve for w:

7 &of log{w} (definition of log-odds)

exp{n} = exp{log{w}} (exponentiate both sides)

exp{n} =w (the exponential function inverts the natural logarithm)
w = exp{n} (swap the two sides of the equation)

Theorem 1.13 (Probability as a function of log-odds).
If  is the probability of an event A, w is the corresponding odds of A, andn is the corresponding
log-odds of A, then:

—__epi{n}
1+ exp{n}
i Proof

Proof. Using Theorem 1.6 and Lemma 1.3:

=1 j:w (probability as a function of odds)
exp{n} . :
= substitute w = ex in both places
T+ exp{n] ( p{n} places)

O

Definition 1.17 (expit, logistic, inverse-logit). The expit function of a log-odds 7, also known
as the inverse-logit function or logistic function, is the inverse-odds of the exponential of

mn:

expit(n) %ef invodds{exp{n}}

Theorem 1.14 (Expressions for expit function).

exp{n}

1+ exp{n}
1

1+ exp{—n}
= (14 exp{—n})~"

expit(n) =
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i Proof

Proof. For the first expression, apply Definition 1.17 and then Definition 1.11:

expit(n) ef invodds{exp{n}} (definition of expit)
= m (definition of inverse-odds, applied to w = exp{n})

For the second and third expressions, apply Definition 1.17 and then Lemma 1.1:

expit(n) def invodds{exp{n}} (definition of expit)
1
=— (simplified inverse-odds, applied to w = exp{n})
1+ (exp{n})
1 _
= e (negative-exponent rule: (exp{z}) ' = exp{—z})

= (14 exp{—n})"" (rewrite the reciprocal as a — 1 power)
O

Theorem 1.15 (Probability via the expit function). If 7 is the probability of an event A, w
is the corresponding odds of A, and n is the corresponding log-odds of A, then:

7w = expit{n}

i Proof
Proof. Using Theorem 1.13 and Theorem 1.14:

- __ep{n}
1+ exp{n}
= expit{n} (first expression for expit, read right-to-left)

(probability as a function of log-odds)

Exm

Example 1.18 (Probability of an event with log-odds log{3}). In Example 1.17, a probability
of m = 0.75 corresponded to a log-odds of n = log{3} ~ 1.0986. By Theorem 1.15 and
Theorem 1.14, the expit function recovers the probability from that log-odds:

log{3
7w = expit{log{3}} = % (first expression for expit)
3
=113 (the exponential inverts the natural logarithm: exp{log{3}} = 3)
:Z (add: 1+ 3 = 4)
=0.75 (divide: 3/4 = 0.75)

Figure 5 graphs the expit function.
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expit <- function(eta) {
exp(eta) / (1 + exp(eta))
}
library(ggplot2)
expit_plot <-
ggplot () +
geom_function(
fun = expit,
arrow = arrow(ends = "both")
) +
x1im(-8, 8) +
ylim(0, 1) +
ylab(expression(expit(eta))) +
xlab(expression(eta)) +
theme_bw ()
print (expit_plot)

1.004
0.75 1
~
[y
=
S 0.501
x
()
0.25+
0.00 ~
-5 0 5
n

Figure 5: The expit function

Theorem 1.16 (logit and expit are each others’ inverses).

logit{expit{n}} =n

expit{logit{n}} ==

i Proof

Proof. First, we show that logit{expit{n}} = 7, using Definition 1.16, Definition 1.17, and
Corollary 1.4:

32



logit{expit{n}} & log{odds{expit{n}}} (definition of logit, applied to m = expit{n})
= log{odds{invodds{exp{n}}}} (definition of expit)
= log{exp{n}} (the odds function inverts the inverse-odds function)
(

=7 the natural logarithm inverts the exponential function)

Next, we show that expit{logit{m}} = 7, using Definition 1.17, Definition 1.16, and Corol-
lary 1.4:

expit{logit{m}} def invodds{exp{logit{r}}} (definition of expit, applied to n = logit{n})
= invodds{exp{log{odds{n}}}} (definition of logit)

(

(

invodds{odds{~}}

=T

the exponential function inverts the natural logarithm)

the inverse-odds function inverts the odds function)

O

Exm

Example 1.19 (Numeric confirmation of the inverse relationship). Combining Example 1.17
and Example 1.18 confirms Theorem 1.16 numerically: expit{logit{0.75}} = expit{log{3}} =
0.75.

1.4.3 Diagram of expit and logit

logit(m)
def S ~ = e S ~ log{w} ~\ def S ~
EPr(y = 1% =7)] 5 [ odds{y = 11X =5}| — |n(®) En(y =1X = 7)|
|:7T r( | x) - w=o0 s{ | x} — n(Z) 17( | x)
% expan
expit(n)
Figure 6: Diagram of logistic regression link and inverse link functions
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